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A graph X is said to be primitive if its automorphism group G acts primitively on the 
vertex set VX; that is, the only G-invariant equivalence relations on V X  are the one where all 
the classes have size one and the equivalence relation which has only one class, the whole of VX.  
We investigate the end structure of locally finite primitive graphs. Our main result shows that 
it has a very simple description; in particular, locally finite primitive graphs are accessible in the 
sense of Thomassen and Woess. 

Introduction 

A graph is said to be t ransi t ive  (or ver tex- t rans i t ive)  if the au tomorph ism 
group acts t ransi t ively on the vertex set. In general it looks like transi t ive graphs 
with more than  one end are well behaved and gentle things. But,  things are not  
always as they  seem: a recent result of Dunwoody  [3] shows tha t  their s t ructure  
can be very complicated.  

Following [9] we say tha t  a locally finite graph  F is accessible if there is a 
number  k such tha t  any two ends of F can be separated by removing k, or fewer, 
edges from F. Here we can of course replace "edges"  with "ver t ices"  and we will 
get the same concept.  The well known accessibility conjecture of Wall, can now 
be rephrased as the conjecture tha t  the Cayley-graphs (with respect to  some finite 
generat ing set) of any finitely generated group are accessible. This was an open 
problem for twenty  years and generally believed to be true, until Dunwoody  [3] 
gave a counterexample.  

So, mere t ransi t ivi ty  is not  enough to guarantee good behaviour.  On the 
other  hand, there are various results (see e.g. [9]) showing tha t  if we add more 
assumptions  about  the act ion of the au tomorph i sm group the s i tuat ion becomes 
easier. Often we are even able to  get explicit descriptions of the possible graphs. 

In this paper  we s tudy  locally finite graphs where the au tomorph i sm group 
acts primit ively on the vertex set. Such graphs have previously been studied by 
Jung  and Watkins  in [4] and [5]. The  local s t ructure  can be very complicated,  but  
we show tha t  the end s t ructure  is simple (Theorem 4). In  par t icular  these graphs 
must  be accessible (Theorem 3). 

AMS subject classification code (1991): 05 C 25, 20 B 15, 20 B 27 
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In the first section we introduce notation and review briefly the basic concepts 
and results used in this paper. Next we relate the theory of structure trees to 
primitivity, and then, in the third and final section, prove our main results. 

1. Preliminaries 

In this paper the term graph denotes an undirected graph without multiple 
edges or loops, so we can think of a graph F as a pair (VF, EF),  where VF is the 
set of vertices and EF is a set of two element subsets of VF. Let d r ( - , - )  denote 
the usual distance on VF and let d e g r ( -  ) denote the degree of a vertex in F. The 
connectivity of a graph F, denoted by n(F), is defined as the minimum number of 
vertices we need to remove from F to get a disconnected graph with the exception 
that ~(Kn) := n - 1. A block of F is a maximal subgraph with connectivity higher 
than 1, or an edge e together with its two endpoints if the edge e belongs to no 
subgraph of F with connectivity higher than 1. It is easy to prove that two edges 
belong to the same block if and only if they belong to a common non-trivial cycle. 

1.1 Ends 

There are several different ways of defining the ends of a graph (see e.g. [6]). 
The most simple way to define the ends of a graph F is to define them as equivalence 
classes of half-lines (a half-line is a family {O~i}ic N of distinct vertices such that o~ i 
is adjacent to a i+l  for all i ~ N). We say that two half-lines L1 and L2 are in the 
same end if there are infinitely many disjoint paths connecting vertices in L1 to 
vertices in L2. This is easily proved to be an equivalence relation. The equivalence 
classes are the ends of our graph. We can also notice that two half-lines L] and L2 
are not in the same end if and only if we can find a finite set F of vertices (or edges) 
and distinct components C1 and C2 of F \ F such that C] contains all but finitely 
many of the vertices in L1 and C2 contains all but finitely many of the vertices in 
L2. With a little thought one sees that every half-line in the same end as L1 must 
also have all but finitely many of its vertices contained in C1. So we can say that 
the end that L1 belongs to is contained in C1, and that the set F separates the 
ends that L1 and L2 belong to. Denote the set of ends that is contained in C1 with 
f~C1. The maximum number of disjoint half-lines contained in an end a; is called 
the thickness of the end a;. If this nmnber is finite then we say that the end is thin, 
otherwise, if this number is infinite, we say that the end is thick. The end of the 
graph Z x Z is thick but the ends of Z are both thin. Note that a graph has more 
than one end if and only if there is a finite set F of vertices such that F \ F has 
more than one infinite component. 

There is also a different way to view the ends of a graph. Then we think of 
the ends as a boundary; in the locally finite case we can take the ends as the ideal 
points of a certain compactification of VF with the discrete topology. In particular 
we get a natural topology on the set of ends: a subbasis for this topology is the set 
of all sets t iC where C is a component of F \ F for some finite set F of vertices. 
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1.2 Structure trees 

4 7 9  

The questions tha t  we are concerned with in this paper  are only meaningful  
for graphs with more than  one end. The  most  powerful tool  available to s tudy  the 
s t ructure  of such graphs  and their au tomorph i sm groups is the theory  of  " s t ruc ture  
trees". The  basic cons t ruc t ion  is described in the book by Dicks and Dunwoody  
[1, Chap te r  II]. How properties of the graph and the au tomorph i sm group relate to 
a s t ructure  tree is fur ther  described in [6] and [9]. Our  nota t ion  will follow tha t  of 
[1] and [6]. Luckily enough we do not  need the full force of the results proved in 
[1], and can employ a simpler setup. 

Let P be a graph. For a subset s C_ VF we set s* :=  V F \ s .  The  co-boundary ~s 
of s is defined as the set of edges from s to s*. A subset sO_ VF such tha t  I~sl < oo 
is called a Cut. 

Theo rem 1. [2, Theorem 1.1] Let F be a locally finite graph with more than one 
end. Then there exists a cut e such that both e and e* are connected, and such 
that for every g E A u t ( r )  one os the sets 

e N e g ,  eNe*g ,  e ' N e t ,  e* Ne* g 

is empty. 

A cut  satisfying the condit ions in the theorem above is called a D-cut. If  e is 
a D-cut then the set 

E :=  {eau t (P ) ,  e*Aut(C)} 

is an example of what  is called a tree set. 
W h e n  we talk about  trees it is convenient to  th ink of an edge {a,  fl} as a pair of 

directed edges e = (a, fl) and e* = (/5, a) .  We will let E T  denote the set of directed 
edges in T. If  e = ( a , ~ )  is an edge in T then define the origin o(e) as the vertex c~ 
and the terminus t(e) as ft. The  reason for the name tree set is t ha t  it is possible 
to const ruct  a tree T = T ( E )  such tha t  T bears a close resemblance to F and such 
tha t  we can identify E and ET.  The details of the const ruct ion of T can be found 
in [1] and also in [9]. Here we will just  briefly describe the propert ies of T tha t  we 
will be using. 

We will not  be dist inguishing between elements of E and elements of ET.  
The first th ing we insist on is tha t  if e is identified with an edge (c~,/5) then  e* is 
identified with (/5, a) .  The  basic idea behind the const ruct ion of T is tha t  if e, f E 
E and f r e* then t(e) = o( f )  if and only if f C e and there is no g in E such tha t  
f C g C e. From this it is clear tha t  the  act ion of Aut (P)  on E gives us an act ion 
of Aut(P) ,  as a group of  automorphisms,  on T. Now we can define a map ~b:VP---~ 
VT,  which will commute  with the act ion of au t ( r ) .  The idea is simple: we find a 
minimal  element e of E subject  to containing a vertex a,  and then we set qS(a) :=  
t(e). I t  is easily proved tha t  ~b(a) does not depend on the choice of e and tha t  any 
edge in T tha t  contains a will point  towards a .  Two vertices a and fl in F are 
mapped  by ~b to different vertices in T if and only if there is an element e C/3 such 
tha t  a C e  but  f l~e .  
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1.3 Primitivity 

Our group theoretic notation is fairly standard. Let a group G act on a set 
fL We write the group action on the left and use G~ to denote the stabilizer of 
an element c~ Eft  in G. If A C_ f~ then then the setwise stabilizer of A denoted by 
G{A}, is defined as the subgroup of G consisting of all g E G such that A 9 = A. 
The group G is said to act primitively on ft if G acts transitively and the only G- 
invariant equivalence relations on ft are the trivial one, where all classes have size 
one, and the one which has only one class ft. The following is very well known. 

Proposition 1. Let  G be a group acting transitively on a set ft. Then the following 
are equivalent: 

(i) G acts pr imit ively  on f~; 
(ii) for all c~ E f~ the stabilizer Gc~ is a maximal  proper subgroup of  G; 

(iii) for any pair a , ~ E a  the graph (ft,{c~,~}G) is connected. 

If F is a graph then we say that  r is primitive if G :=Aut(P)  acts primitively 
on VF. All null graphs (graphs with no edges) are primitive, but we can see from 
(iii) that  all other primitive graphs are connected. Condition (iii) above will be 
very useful: it allows us to choose a different edge set without loosing connectivity. 
Thus we are able to bring to the surface properties that might have been hiding 
behind overabundance of edges. In particular if c~,/3 are distinct vertices of F 
then (VF,{(~,fl}G) is then quasi-isometric to P and therefore has the same end 
structure (cf. [7]). (Two graphs F, r '  are quasi-isometric (some authors use roughly- 
isometric) if there exists a map ~b:Vr--~ VF I and constants a, b > 0 such that for 
all c~, fl E VF we have 1 dp (c~,/3) - b <_ d r, (~(c~), ~(/3)) <_ a. dc (c~,/3) + b. ) 

2. Structure trees and primitivity 

From now on F is a locally finite primitive graph with infinitely many ends. 
Put  G : = A u t ( F ) .  Let e0 be D-cut and E:=eoG~2e~G.  Furthermore, we let T : =  
T ( E )  be the structure tree and let 

: V F  --+ VT;  

denote the associated map (see above). 
Since r is G-equivariant, the fibres of r will define a G-invariant equivalence 

relation on VF. It is clearly impossible that r maps all vertices of F to the same 
vertex of T. Now the primitivity of F implies that each fibre of r contains only one 
vertex, and therefore 

r is injective. 

Thus we can (and will) identify vertices in F with their r images in T. 
From the way E is defined it is apparent that  G has at most two orbits on E. 

Thus G has also at most two orbits on the (directed) edges of T, and therefore at 
most two orbits on the vertices of T. If G acted transitively on V T  then Im r would 
be equal to V T ,  because Im r is G-invariant. But, then the parts of the natural 
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bipartition of T would define a non-trivial G-invariant equivalence relation on VF. 
Thus we have 

Im ~b is equal to one of the parts of the natural bipartition of T. 

Now we see that  G acts on T without inversion (transposes no pair of adjacent 
vertices) and with fundamental domain a graph with only two vertices and two 
directed edges between them, one going each way. Then the Bass-Serre theory of 
groups acting on trees tells us that if c~ E I/F and ~ is a neighbour of c~ in T then 
G=Ga*G~ ,~G~  (cf. [8]). 

We know, as the action of G on VF is primitive, that  Ga is a maximal subgroup 
of G. That  implies that  Ga, u is a maximal subgroup of Gu; otherwise, if Ga, u < 
H < G,  then Ga < Ga *G~, ~ H < G. From this it follows that 

if ~, E v T  \ VF then G~ acts primitively on the set of 

vertices in VF that are adjacent to t, in T. 

Even just armed with these basic remarks we can start drawing conclusions 
about primitive graphs. 

Proposition 2. Suppose F is a locally finite primitive graph with infinitely many 
ends, and G : = A u t ( F ) .  Then there is a number k such that k divides the length of 
any G~-orbit on V F \ { ~ } .  

Proof. Let T be as above and set k := degT(~ ) where c~ E VF. It is an obvious 
consequence of the local finiteness of F that all the Ga-~ .bits on VF are finite. In 
particular note that since G has only two orbits on the .',cected edges of T we get 
that  k < ec and that Gc~ acts transitively on the set of neighbours to c~ in T. If u E 
VT\VF then we can find f ie  VF such that  the geodesic in T between ~ and/3 goes 
through ~ and the G~-orbit of u has to be finite because the Ga-orbit of/3 is finite. 

Let/3 be a vertex in T, distinct from c~, and let u be the neighbour of c~ which 
is contained in the same component of F\{c~} as ,8. If we let l denote the size of 
the Gc~,y-orbit of fl then, because G~ acts transitively on the neighbours of c~, we 
get that  the size of the G~-orbit of fl is kl. In particular we get that  k divides the 
order of every Gc~-orbit on VF \ {c~}. I 

Proposition 3. Suppose that F is a connected primitive graph with infinitely many 
ends and set G := Aut( r ) .  Then there exist distinct vertices c~,/3 in F such that 
F' := (VF, {c~, fl}G) has connectivity one. 

Proof. Let T be as above and ~ E VF. Let now fl be some vertex in VF such that 
dT(C~,fl) =2.  If %5 are two vertices that are adjacent in F', then clearly t iT(%5)= 
2. Suppose ~/ and f are two vertices in P that belong to distinct cdmponents of 
T \  {c~}. Then tiT(%5) _> 4. Thus it is impossible for two vertices of F belonging 
to different components of T \  {~} to be adjacent in PP. Therefore there can be no 
path in F ' \  {c~} between vertices that are in different components of T \  {c~}. Now 
we have shown that  F~\ {c~} is not connected and thus P ~ has connectivity one. I 

Suppose that  P is a primitive graph with s ( F ) =  1. Let c~ be some vertex in F 
and let A be a block of F with ~ E V A .  We let e0 denote the component of F\{ct}  
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that  contains A \ {c~}. It is now easy to see that  e0 is a D-cut. Note that  all the 
edges in 5eo belong to A. If {/3,/3i} is an edge in F, then some element of E must 
separate/3 and/3I. Thus there is an automorphism g E G such that  {/3,/3i} E (Seo)g. 
Now we see that  g must map the block A to the block that  contains {/3,J}.  The 
conclusion is tha t  G acts transitively on the blocks of F and all the blocks of F are 
isomorphic. Now it is possible to recognize T(E) :  it is just the block-cut-vertex 
tree of F. By our remark above the stabilizer of each block acts primitively on the 
block. 

In fact we have now just proved a part  (the part  we will be using) of the 
following theorem of Jung and Watkins, which gives a very satisfactory description 
of the primitive graphs with connectivity 1. 

Theorem 2. ([4, Theorem 4.2]) Let F be a transitive graph with ~(F) = 1. Then 
F is primitive if and only if the blocks of F are primitive, pairwise isomorphic and 
have at least three vertices. 

3. Accessibility and primitivity 

Theorem 3. Every locally finite primitive graph is accessible. 

Proof. Let F be a locally finite primitive graph. We can clearly assume that  F is 
connected and has more than  one end. Set G: - -Aut (F) .  

Find vertices a,/3o such that  F1 := (VF, {a,/30}G) has connectivity l. We know 
tha t  F1 is quasi-isometric to F. Thus there is a natural  bijection between the ends 
of F and F1 which preserves the end structure (cf. [7, Proposit ion 1]). Especially, 
as observed in [9], F is accessible if and only if Pl  is accessible. 

If  L is a half-line in F1 then either there is a block A in F1 such that  A contains 
all but finitely many  of the vertices in L or every block in F1 contains just finitely 
many vertices from L. In the first case we can say tha t  the block A contains the 
end that  L belongs to. Two distinct ends of F1 that  do not belong to the same 
block can clearly be separated in F1 by removing just one vertex. The real problem 
is to separate two ends tha t  are contained in the same block. Let A1 be a block 
that  contains c~. Because all the blocks in F1 are isomorphic we get tha t  F1 is 
accessible if and only if A1 is accessible. Set G(1) := G{VA1}; tha t  is, G(1) is the 
setwise stabilizer of VA1. 

Suppose that  A1 has more than one end. Then apply again the result of 
Proposit ion 2 and find a vertex/32 in A1 such tha t  F2 := (VAl,{a,/32}G(1)) has 
connectivity 1. Set G(2) := G{A2}. Let now- A2 denote a block of F2 tha t  contains 
c~. We see from the above that  F is accessible if and only if F2 is accessible, and F2 
is accessible if and only if A2 is accessible. Now we go on to find a vertex/3a in F2 
and so on. If F is not accessible then we can continue in this way indefinitely, the 
inaccessibilty of F guarantees that  in each step An will have more than one end, 
indeed, An will have infinitely many  ends. 

To see that  this can not happen we look at the size si of the smallest orbit of 

G(~ ) on VFi. We know that  G~ ) acts transitively on the blocks of VFi that  contain 
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a .  Let  ki be the  number  of blocks in Fi  con ta in ing  a ,  by  t r a n s i t i v i t y  ki _> 2 for all  
i. Then  

si = ki �9 Isize of the  smal les t  o rb i t  of G ~  ) on Ai] = ki .s i+ 1. 

Thus  si > 8i+1. If  F is not  accessible  then  the  sequence s l ,  s2 , . . ,  will be an infini te  
s t r i c t ly  decreas ing  sequence of non-nega t ive  integers,  which is absurd .  

In  some s tep  it mus t  therefore  h a p p e n  t h a t  Fn  has ju s t  one end and  is therefore  
accessible  and so F mus t  be accessible.  | 

T h e o r e m  4. Let F be a connected locally finite primitive graph with infinitely many  
ends and set G :=  A u t ( F ) .  Then there exist vertices c~,/3 in F such t ha t  F / :=  
(VF,{c~,/3}G) has connectivity 1 and each block o fF '  has at most  one end. 

This  T h e o r e m  tel ls  us t ha t  our g raph  P has essent ia l ly  the  same end s t ruc tu re  
as F/, whose end s t ruc tu re  is very  easy to  unde r s t and .  F i r s t  we mus t  prove a smal l  
l emma.  

L e m m a  1. Let  F be a primitive graph with connectivity 1, and let G :=  A u t ( F ) .  
Suppose a, f l  are  distinct vertices o f f  both belonging to some block A of F. Set 
a : =  ( V A , { a , 9 } G { A } ) .  Then a block o ~ a  is also a block of r ' : ;  (VC,{a , /3}V) .  

Proof .  Let  A f denote  the  subg raph  of r t i nduced  by  VA.  Obvious ly  E A  C_ E A  t. 
Suppose  {% 5} E E A  t. T h e n  there  is an e lement  g E G such t h a t  {a,/3}9 = {7, 5}. 
A n  a u t o m o r p h i s m  t h a t  maps  two vert ices  of a b lock  back  to  the  same block mus t  
s tabi l ize  the  block,  so Ag = A. Therefore  g E G{A } and {% 5} E E A  t. So E A  = E A  ~ 

and A = A t. 
Let  B be some block of A.  Because  A = A  t we know t h a t  B is also a 2- 

connec ted  s u b g r a p h  of F t and  thus  con ta ined  in some block B t of F ~. We have to  
prove t h a t  all  the  ver t ices  of B t are con ta ined  in some block of F, so V B  ~ C_ V A  and 
therefore  B t is a s u b g r a p h  of A t. Then  i t  follows t h a t  t 3 / =  B.  

Let  B t be  a b lock of F t. Because  of t r a n s i t i v i t y  we can assume t h a t  B t is 
the  block t h a t  conta ins  the  edge {a,/3}. We want  to  show t h a t  V B  ~ C_ VA. If  B t 
conta ins  ju s t  the  two vert ices  a and  /3 t hen  there  is no th ing  to  do, o therwise  we 
know t h a t  any  two edges in B t lie on a c o m m o n  cycle. So i t  is enough to show t h a t  
if a l ,  a 2 , . . . ,  a n  is a cycle in B ~ wi th  a = a 1 a n d / 3  = a2 then  a 1, (*2, . . . ,  a n  be long  
to VA. Let  T be  the  b lock-cu t -ve r t ex  t ree  of F.  As men t ioned  above,  the  t ree  T is 
also a s t ruc tu re  t ree  of F and F t. Because  a a n d / 3  are in the  same block of F we 
know t h a t  dT(a,/3) = 2, and  thus  for every pa i r  % 5  of ad jacen t  ver t ices  in F t we 
know t h a t  dT(%(~ ) = 2 .  The  cycle in F t gives us a closed p a t h  C t l , P l , a 2 , . . .  , P n - l , a n  
where  ~'i is the  ve r tex  in T co r respond ing  to  the  block in F t h a t  conta ins  the  edge 
{ai,eei+l}. Because  all  the  ver t ices  a l , a 2 , . . .  , a n  are  d i s t inc t  we see t h a t  z, 1 =~2  = 
. . . .  Pn-1 and  z~t cor responds  to  A. So all the  ver t ices  OZl,a2, . . .  , a n  are con ta ined  
in V A  and  therefore  V B t  C_ VA.  | 

P r o o f  of  T h e o r e m  4. Let  us cont inue wi th  the  n o t a t i o n  from the  p roo f  of T h e o r e m  3. 
Suppose  t h a t  the  blocks of Fn  conta in  at  most  one end each. Se t /3 : - - /3n .  

If  n =  1 then  the re  is no th ing  to  prove. Otherwise  we a p p l y  L e m m a  1 to  F1 to  
find t h a t  A2 is a b lock of (VF,{~,Ze}G) and  so on. In  th is  way we find t h a t  An is 
a block of F t. | 
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Corollary 1. Let  P be a locally f ini te p r imi t i ve  graph. I f F  has any th ick  ends then 
Aut(F) acts  t rans i t ive ly  on the set o f  th ick  ends o f F .  

Proof. Apply Theorem 4 above to find F/. Each thick ends lives inside a block of 
F / and Aut(F) acts transitively on the blocks of F/. | 

Remark.  Theorem 2 can be rephrased to say that  any inaccessible graph is ira- 
primitive. Similarly the result of Jung and Watkins from [5] saying that  no infinite 
locally finite primitive graph has connectivity 2 can be rephrased as saying that  ev- 
ery locally finite graph with connectivity 2 is imprimitive. In both cases one could 
hope that  if we could find the blocks of imprimitivity then we would have found a 
good way to describe these graphs. 
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